Abstract. As is known, the Blaschke tensor A (a symmetric covariant 2-tensor) is one of the fundamental Möbius invariants in the Möbius differential geometry of submanifolds in the unit sphere S n , and the eigenvalues of A are referred to as the Blaschke eigenvalues. In this paper, we continue our job for the study on the submanifolds in S n with parallel Blaschke tensors which we simply call Blaschke parallel submanifolds to find more examples and seek a complete classification finally. The main theorem of this paper is the classification of Blaschke parallel submanifolds in S n with exactly three distinct Blaschke eigenvalues. Before proving this classification we define, as usual, a new class of examples.
Introduction
Let S n (r) be the standard n-dimensional sphere in the (n + 1)-dimensional Euclidean space R n+1 of radius r, and denote S n = S n (1). Let H n (c) be the n-dimensional hyperbolic space of constant curvature c < 0 defined by in which the dot "·" denotes the standard Euclidean inner product on R N −1 . From now on, we simply write H n for H n (−1).
Denote by S n + the hemisphere in S n whose first coordinate is positive. Then there are two conformal diffeomorphisms σ : R n → S n \{(−1, 0)} and τ : H n → S n + defined as follows: Let x : M m → S m+p be an immersed umbilic-free submanifold in S m+p . Without loss of generality, we usually assume that x is linearly full, that is, x can not be contained in a hyperplane in R m+p+1 . Then it is known that there are four fundamental Möbius invariants of x, in terms of the light-cone model established by C. P. Wang in 1998 ( [24] ) that are the Möbius metric g, the Blaschke tensor A, the Möbius second fundamental form B and the Möbius form C. Since the pioneer work of Wang, there have been obtained many interesting results in the Möbius geometry of submanifolds including some important classification theorems of submanifolds with particular Möbius invariants, such as, the classification of surfaces with vanishing Möbius forms ( [10] ), that of Möbius isotropic submanifolds ( [22] ), that of hypersurfaces with constant Möbius sectional curvature ( [4] ), that of Möbius isoparametric hypersurfaces ( [8] , [6] , [12] , etc), and that of hypersurfaces with Blaschke tensors linearly dependent on the Möbius metrics and Möbius second fundamental forms [9] , which is later generalized by [18] and [3] , respectively, in two different directions. Here we should remark that, after the classification of all Möbius parallel hypersurfaces in S m+1 , that is, hypersurfaces with parallel Möbius second fundamental forms ( [5] ), Zhai-Hu-Wang recently proved in [25] an interesting theorem which classifies all 2-codimensional Möbius parallel submanifolds in the unit sphere.
Clearly, it is much natural to study submanifolds in the unit sphere S n with particular Blaschke tensors. Note that a submanifold in S n with vanishing Blaschke tensor also has a vanishing Möbius form, and therefore is a special Möbius isotropic submanifold; any Möbius isotropic submanifold is necessarily of parallel Blaschke tensor. Furthermore, all Möbius parallel submanifolds also have vanishing Möbius forms and parallel Blaschke tensors( [25] ). Thus a rather natural and interesting problem is to seek a classification of all the submanifolds with parallel Blaschke tensors which we shall call for simplicity Blaschke parallel submanifolds.
To this direction, the first step is indeed the study of hypersurfaces. In fact, the following theorem has been established:
, be a Blaschke parallel hypersurface. Then the Möbius form of x vanishes identically and x is either Möbius parallel, or Möbius isotropic, or Möbius equivalent to one of the following examples which have exactly two distinct Blaschke eigenvalues:
(1) one of the minimal hypersurfaces as indicated in Example 3.2 of [19] ;
(2) one of the non-minimal hypersurfaces as indicated in Example 3.3 of [19] .
As the second step, we have proved earlier the following classification: vanishing Möbius forms and exactly three distinct Blaschke eigenvalues. The idea of this construction originates from those hypersurface examples that were first introduced in [19] (see also [20] ) and are the only non-Möbius isoparametric but Blaschke isoparametric hypersurfaces (cf. [21] ) with two distinct Blaschke eigenvalues. Note that, due to [11] , any Blaschke isoparametric hypersurfaces with more than two distinct Blaschke eigenvalues must be Möbius isoparametric, which is an affirmative solution of the problem originally raised in [21] (see also [13] and [14] ). It should also be remarked that, by [12] and [23] , the Möbius isoparametric hypersurfaces (cf. [8] ) have been completely classified and thus the work in [11] actually finishes the classification of the Blaschke isoparametric hypersurfaces (see also the latest partial classification theorem in [7] ). Besides, there have been some parallel results on space-like hypersurfaces in the de Sitter space S n 1 (see [15] and the references therein). Combining all we know on this subject, it turns out that our new examples and the argument in this present paper will shed a new light on the completement of our final classification work which will be done in a forth-coming paper.
The main theorem of this paper is now stated as follows: We also remark that the final classification theorem will be much like Theorem 1.3 with the corresponding examples LS(m, p, r, µ) being extended to the general case.
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Preliminaries
Let x : M m → S m+p be an immersed umbilic-free submanifold. Denote by h the second fundamental form of x and H = 1 m tr h the mean curvature vector field. Define
is an immersion of M m into the Lorentzian space R . There is a subgroup
The following theorem is well known. 
Then it is verified that the Möbius position vector Y and the Möbius biposition vector N satisfy the following identities [24] : 
Denote by T ⊥ M m the normal bundle of the immersion x : M m → S m+1 . Then the mean curvature vector field H of x defines a bundle isomorphism Φ :
It is known that Φ preserves the inner products as well as the connections on T ⊥ M m and V ( [24] ).
To simplify notations, we make the following conventions on the ranges of indices used frequently in this paper:
For a local orthonormal frame field {e i } for the induced metric dx · dx with the dual {θ i } and for an orthonormal normal frame field {e α } of x, we set
Then {E i } is a local orthonormal frame field on M m with respect to the Möbius metric g, {ω i } is the dual of {E i }, and {E α } is a local orthonormal frame field of the Möbius normal bundle V → M . Clearly,
If the basic Möbius invariants A, B and C are respectively written as 
11)
12) 
14)
15) 16) in which the subscript ", i" denotes the covariant derivative with respect to the induced metric dx · dx and in the direction e i .
Denote, respectively, by R ijkl , R ⊥ αβij the components of the Möbius Riemannian curvature tensor and the curvature operator of the Möbius normal bundle with respect to the tangent frame field {E i } and the Möbius normal frame field {E α }. Then we have ( [24] )
We should remark that both equations (2.18) and (2.19) have the opposite sign from those in [24] due to the different notations of the Riemannian curvature tensor. Furthermore, let A ijk , B α ijk and C α ij denote, respectively, the components with respect to the frame fields {E i } and {E α } of the covariant derivatives of A, B and C, then the following Ricci identities hold ( [24] ):
Denote by R ij the components of the Ricci curvature. Then by taking trace in (2.18) and (2.21), one obtains
Moreover, for the higher order covariant derivatives B α ij···kl , we have the following Ricci identities:
By (2.17), (2.23) and (2.24), if m ≥ 3, then the Blaschke tensor A and the Möbius form C are determined by the Möbius metric g, Möbius second fundamental form B and the (Möbius ) normal connection of x. Thus the following theorem holds:
, are Möbius equivalent if and only if they have the same Möbius metrics, the same Möbius second fundamental forms and the same (Möbius ) normal connections.

The new examples
Before proving the main theorem, we need to find more examples of Blaschke parallel submanifolds in the unit sphere S m+p as many as possible with parallel Blaschke tensors and with three distinct Blaschke eigenvalues. We note that, by Zhai-Hu-Wang ( [25] ), all Möbius parallel submanifolds in S m+p are necessarily Blaschke parallel ones. This kind of examples are listed in [25] . In this section we define a new class of Blaschke parallel examples which are in general not Möbius parallel.
Example 3.1. The following three classes of submanifolds have been studied in [17] (cf. [25] ).
(1) The umbilic-free pseudo-parallel submanifoldsx : M m → S m+p with parallel mean curvatureH and constant scalar curvatureS.
(2) The compositionx = σ •x wherex : M m → R m+p is an umbilic-free pseudo-parallel submanifolds with parallel mean curvatureH and constant scalar curvatureS.
(3) The compositionx := τ •x wherex : M m → H m+p is an umbilic-free pseudo-parallel submanifold with parallel mean curvatureH and constant scalar curvatureS.
Remark 3.1. It is shown in [17] that all the examplesx : M m → S m+p given in (1), (2) and (3) above are Blaschke parallel with vanishing Möbius form. Furthermore,x in (1) has three distinct Blaschke eigenvalues if and only if it is not minimal and has three distinct principal curvatures in the direction of the mean curvature vectorH, whilex in (2) (resp. in (3)) has three distinct Blaschke eigenvalues if and only if the correspondingx :
is not minimal and has three distinct principal curvatures in the direction of the mean curvature vectorH. Note thatx is Möbius isotropic, or equivalently,x has only one distinct Blaschke eigenvalue, if and onlyx in (1), orx in (2) or in (3) is minimal ( [22] ). In addition, it is not hard to see that ( [25] ) a submanifoldx is Möbius parallel if and only ifx in (1), orx in (2) or in (3) is (Euclidean) parallel. We start with a multiple parameter data (m, p, r, µ) where
with m 1 , m 2 , m 3 and p 1 , p 2 , p 3 being integers satisfying
and with r 1 , r 2 , r 3 and µ 1 , µ 2 , µ 3 being real numbers satisfying
there exist real numbers λ 1 , λ 2 , λ 3 that are uniquely determined by
. 
where a, a ′ , a ′′ is an even permutation of 1, 2, 3.
Note that, by (3.2)
for a permutation a, a ′ , a ′′ of 1, 2, 3.
Then the following lemma can be shown by a direct computation using (3.1), (3.2), (3.3) and (3.4):
Lemma 3.1. It holds that
be an immersed minimal submanifold of dimension m 1 with constant scalar curvaturẽ
be two immersed minimal submanifolds of dimensions m 2 , m 3 with constant scalar curvatures
15)
respectively. Then by (3.9) and (3.10)
is an immersion satisfying Ỹ ,Ỹ 1 = 0 with the induced Riemannian metric
as Riemannian manifolds. Definẽ
Thenx 2 = 1 and thusx :M m → S m+p is an immersed submanifold which we denote simply by LS(m, p, r, µ). Since and let
be orthonormal normal frame fields ofỹ,ỹ 2 ,ỹ 3 , respectively, with 
where the third equality comes from the fact that of LS(m, p, r, µ) is given as follows:
3 ), respectively. Then {E i ; 1 ≤ i ≤ m} is a local orthonormal frame field for (M m , g). of LS(m, p, r, µ) is given bỹ 
It then follows that
implying thatx is umbilic-free, and the Möbius factorρ =ỹ 0 . SoỸ is the Möbius position of LS(m, p, r, µ). Consequently, the Möbius metric of LS(m, p, r, µ) is nothing but dỸ , dỸ 1 = g. Furthermore, if we denote by {ω i } the local coframe field on M m dual to {E i }, then the Möbius second fundamental form
of LS(m, p, r, µ) is given bỹ
47)
or, equivalentlỹ
otherwise.
(3.50)
On the other hand, since the Möbius metric g is the direct product of dỹ, dỹ 1 , dỹ 2 · dỹ 2 and dỹ 3 · dỹ 3 , one finds by the minimality and the Gauss equations ofỹ,ỹ 2 andỹ 3 that the Ricci tensor of g is given as follows:
52)
53)
where
On the other hand, by the definitions ofỹ,ỹ 2 andỹ 3 , the trace of A is given by 
Similarly,
57) 
are all parallel as Riemannian submanifolds. Furthermore, if it is the case, thenỹ(M 1 ) is isometric to the totally geodesic hyperbolic space
andỹ can be taken as the standard embedding of
Proof. The proof of (1) and (3) 
Proof of the main theorem
Let x : M m → S m+p be an umbilic-free submanifold in S m+p satisfying all the conditions in the main theorem, and λ 1 , λ 2 , λ 3 be the three distinct Blaschke eigenvalues of x. Since the Möbius form C ≡ 0 and the Blaschke tensor A is parallel, (M, g) is isometric to a direct product of three Riemannian manifolds (M 1 , g (1) ), (M 2 , g (2) ) and (M 3 , g (3) ) with
such that, under the orthonormal frame field {E i } of (M m , g) satisfying
the components A ij of A with respect to {E i } are diagonalized as follows:
where and from now on we agree with In fact, we only need to consider the following two cases:
(i) There exist two of the indices i, j, · · · , k which assume the forms i a , i b with a = b.
In this case, we use (4.3) and ω
Without loss of generality, we assume the first. Then it must be that l = j a for a = 2 or a = 3. Note that by (2.19) and (4.2),
This together with Case (i), the Ricci identities (2.25) and the fact that R i1jaij ≡ 0 shows that
More generally,
where i a j a k a · · · l a is a multiple index of order no less than 3.
Proof. This lemma mainly comes from the Möbius Gauss equation (2.18) 
where, as mentioned earlier, a, a ′ , a ′′ is an even permutation of 1, 2, 3.
Let V ′ a0 (a = 1, 2, 3) be the orthogonal complement of V a0 in V a and denote
Proof.
For any i, j, we denote by B
Then it follows from (4.9) and (4.10) that
iaia }, for each fixed i a , a = 1, 2, 3. (4.14)
In particular, dim V But, for any a and i a ,
iaia , and V a0 ⊥V b0 for a = b, so that (4.15) reduces to
The second equality in (4.16) together with (4.13) shows that, for fixed i 1 , i 2 and i 3 ,
which with (4.14) proves that dim V 0 ≤ 2.
Finally, if dim V 0 = 0, then for any a = b, B iaia ⊥B i b i b which with (4.6) imples that λ a + λ b = 0, contradicting the assumption that λ 1 , λ 2 , λ 3 are distinct.
⊔ ⊓
Clearly by definition, V 0 , V 10 , V 20 and V 30 are orthogonal to each other. Denote ι := dim V 0 . Then we can properly choose an orthonormal normal frame field {E α } such that 
Let ξ a and ξ 0 be sections of V such that ξ a ∈ V a0 (a = 1, 2, 3) and ξ 0 ∈ V 0 . Then, by the definition of the subspaces V 0 , V 10 , V 20 and V 30 , ξ a (resp. ξ 0 ) is a linear combination of B 
In fact, we take, for example, a = 1 and ξ a = m 1 B
V10
11 . Write B i1i1 = α B α i1i1 E α . Since by (4.16),
we have
implying that (4.19) holds in this case. Other cases can be similarly but more easily considered. Now, from (4.19) directly follows Lemma 4. 
On the other hand, by (4.17), B On the other hand, by (4.6), (4.20) and (4.21), we find
This with (4.6) and (4.23) easily shows that B 
where we have used ω Let Y and N be the Möbius position vector and the Möbius biposition vector of x, respectively. As done earlier by many authors (for example, [22] , [9] , [18] , [25] ) and the very recent paper [17] , we define another vector-valued function c :
for some constants λ, µ 0 and µ ′ 0 to be determined. Then by using (2.11) and (2.13) we find dc = a,ia Since the argument that follows here is standard and same as that of [17] 
In this case, there is an index α 0 such that V 0 = RE α0 . Thus we can write
(4.29)
It follows that
where a, a ′ , a ′′ is an even permutation of 1, 2, 3. 
(4.33) Then, by (2.11), (2.13) and (4.32), we find that
Using (2.12), (2.13), (4.32) and (4.34), the following lemma is easily proved:
, are mutually orthogonal, and the Möbius normal connection on the Möbius normal bundle V is the direct sum of its restrictions on
are orthogonal to each other in R In this subcase, by using (4.30) and (4.31) the following lemma can be easily proved by a direct computation: 
) are space-like, and
It follows that there exists one and only one index a such that
With no loss of generality we assume that Now from the Möbius second fundamental form B, we define for each a
B is a V a0 -valued symmetric 2-form on M a with components B with the induced connection on V a0 . Then, as the consequence of (4.2), (4.32) and Lemma 4.9, we have 
The proof of the main theorem (Theorem 1.3).
As discussed earlier in this section, there are only the following two cases with additional subcases that need to be considered:
(1) dim V 0 = 2. Thus the main theorem follows directly from Propositions 4.8, 4.10 and 4.13.
